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Abstract
We prove that the higher signature for any close oriented manifold
is a simple-homotopy invariant.
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1 Introduction and results
Given a closed connected oriented manifold Mm of dimension m, let [M ]
denote either orientation classes in Hm(M ;Q) and in H
m(M ;Z), and let
LM ∈ H
4∗(M ;Q) be the Hirzebruch L-class of M , which is defined as a
suitable rational polynomial in the Pontrjagin classes of M (see[2]). Denote
the usual Kronecker pairing for M , with rational coefficients, by
〈 . , . 〉 :H∗(M ;Q)×H∗(M ;Q) −→ Q .
If M is of dimension m = 4k, then the Hirzebruch Signature Theorem
(see[2]) says that the rational number 〈LM , [M ]〉 is the signature of the cup
product quadratic form
H2k(M ;Z)⊗H2k(M ;Z) −→ H4k(M ;Z)=˜Z,
1
(x, y) 7−→ (x ∪ y)([M ]) .
As a consequence, 〈LM , [M ]〉 is an oriented homotopy invariant of M among
close connected oriented manifolds and of the same dimension 4k. Let α ∈
H∗(M ;Q) be a prescribed rational cohomology class of M . Consider the
α-higher signature
sign(M,α) = 〈α ∪ LM , [M ]〉 ∈ Q.
Then, the natural conjecture predicts that the rational number sign(α,M)
is an oriented homotopy invariant of the M , in the sense that sign(α,M) =
sign(β,N) whenever Nm is a second close connected oriented manifold and
there exists a homotopy equivalence h : M → N such that h∗β = α.
Theorem 1.1 the higher signature sign(M,α) coming from (M,α) are ori-
ented simple-homotopy invariants for closed connected oriented manifolds of
arbitrary dimension.
Corollary 1.1 the famous Novikov Conjecture holds for the close manifold
M with trivial Whitehead group (see[1]).
2 Proof of Theorem1.1
Proof of Theorem1.1: Let M be a close oriented connected manifold. Let
M ′ be a second close connected oriented manifold which is simple-homotopy
equivalent to M by the maps h : M → M ′ and h′ : M ′ → M , here h′ ◦ h ∼=s
IdM : M → M and h ◦ h
′ ∼=s IdM ′ : M
′ →M ′. So, by Mazur’s theorem, i.e.,
the non-stable neighborhood theorem(see[3]), we have a diffeomorphism
f :M × Rm+1 → M ′ × Rm+1.
So,
LM = L(M×Rm+1) = L(M ′×Rm+1) = LM ′.
This yields Theorem1.1.
2
References
[1] M.Gromov.: Positive curvature, macroscopic dimension, spectral gaps
and higher signatures, Functional Analysis on the eve of the 21st century,
Vol. 2, Progr. Math. vol.132,1996,p1-213.
[2] F. Hirzebruch.: Topological methods in algebraic geometry. Springer-
Verlag Classics in Mathematics, Third Edition, 1995.
[3] B. Mazur.: Differential Topology from the Point of View of Simple Homo-
topy Theory, Publications Mathematiques, Institute des Hautes Etudes
Scientifiques, No15, 1963.
[4] J. Milnor & J. Stasheff.: Characteristic classes, Princeton University
Press, Princeton, New Jersey,1974.
3
